Nonlinear Complementarity Problem in Complex Space
Theingi Hlaing

Abstract
The purpose of this paper is to study some monotonicities in the complex space

C" to solve nonlinear complementarity problem (NLCP)in C" and then apply the
results of NLCP in solving convex programs. In order to fulfil this purpose,
monotonicity, strict monotonicity and strong monotonicity are studied. Moreover
existence and uniqueness of solutions of NLCP are also explored on a closed, convex
cone and then on a polyhedral cone. Then some convex programs are solved by using the
results of NLCP. ‘
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1. Preliminaries

Let C" denote the n-dimensional complex space with hermitian norm and the usual inner
product.

Definition (1.1) Let K < C" be closed and ax +By €K for all o, >0,x,y € K. Then K is

called a closed convex cone inC" .

Definition(1.2) Let K denote a closed convex cone in C" and K*, its polar; i.e.,
K'={y eC"|Re (x,y) 20, Vx € K}.

Definition(1.3) Letg: C" — C" be continuous. NLCP consists of finding a point z
such that

zeK, g(z)eK ,and Re (g(2),z) =0. (1)

Definition(1.4) A mapping f:C" — C" is said to be monotone on K if

Re (f(x)—f(y), x — y) 2 0,V'(x, y) € K x K. A mapping {f is said to be strictly
monotone if strict inequality holds whenever x #y.

A mapping f is said to be strongly monotone if there is a constant ¢ > 0 such that,
: 5
V(x,y) € KxK, Re(f(x)-1f(y), x—y)=c|x-y| .
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Definition(1.5) For each real number r > 0, we denote by K,,

the following set K. = {xaK:[]x| <r}.

2. NLCP for Monotone Functions
Throughout this section, K denotes a closed convex cone in C".

Lemma(2.1) Let g: K > C" be a continuous mapping. Then there is a point
such that

Re (g (z),z—2z) 20
for all z eK,.

Lemma(2.2) Let g: K - C" be a continuous monotone function on K that
fixes the origin, and let x € K. Then the continuous function

0:RT > R defined by &(r) = Re (g (rx), rx) is monotone increasing.

126

z.€ K,

(2)

Theorem 1. Let g: K - C" be a continuous function that fixes the origin and which,
moreover, is monotone on K. Let z, €K, be the point as obtained in Lemma (2.1).

Then z, is a solution of the complementarity problem.

Theorem 2. Let f: K —C" be a continuous function that fixes the
origin and which, moreover, is strictly monotone on K; then zero 1s the
unique solution to the complementarity problem.

Remark A function g: C" — C" is said to be & - monotone on K if for

some function @ :R* — R which is monotone increasing such that
a (r)—o0 as r—oo, the following inequality is satisfied:

Re (g (x)—g (), x-y)za(|x-y]) [x-y|-

In case « (r) = cr for some ¢ > 0, g is said to be strongly monotone. It is clear
that a - monotone functions are strictly monotone. Therefore Theorem 2. applies
and zero is the unique solution to the complementarity problem under the same

conditions.

The arguments of Theorem 1 and Theorem 2 go through in case we have

R" instead of C"
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3 Some Results on the Complex NLCP

Denote by o , h-dimensional complex space; denote by cmxn , the vector space
of all m x n complex matrices; denote by RY ={X€Rn :x; 20,1 SiSn}, the non-
negative orthant of R"; and for any x, y e R", x > y denotes x —y € RL. If Ais a
complex matrix or vector, then AT, A and A" denote its transpose, complex conjugate

and conjugate transpose. For X,y € C" (x, y) = y" x denotes the inner product of x and y.

Definition(3.1) A nonempty set S < C" isa polyhedral cone if for some positive
integer k and Ae cmk , S={Ax|x € Rli I

Definition(3.2) The polar of S is the cone S define by
S ={ye(C“ | x eS:>Re(x,y) 20} , or equivalently

g {y eC"|Re(AMy)> o} ;
Definition(3.3) The interior of S, Int S" = { yeS |Re (A”y) >0 }

Definition(3.4) A mapping g: C" — C" is concave with respect to the polyhedral

cone S if, for all z', z2 € C™ and forall & e [0, 1],
g zZ'+(1-2)Z)-Ag(Z') —(1-A)g(Z*)eSs.

Definition(3.5) Given a mapping g: C" — C", Re z!lg(z)is convex with respect to

R, if, forall z!, z2 € C" and ) e [0, 1],
A Re (g(z), ') +H(1 - M) Re (g (), 2*)
Re(g(Az'+(1-2)ZH) Az'+(1-1)2%)=0.

Solutions of Variational Inequalities

Hartman and Stampacchia[7] have proved the following result on variational
inequalities: if F: R"™ — R" is a continuous mapping on the non empty,

compact, convex set K < R", then there exists an x? in K such that

(F(x%),x-x% > 0
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for all x € K. Since C™ can be identified with R*", a natural extension of this
result to complex space can be obtainied as follows.

Theorem 3. Ifg: C"— C" is a continuous mapping on the nonempty compact, convex

set S — C", then there is a 2’ in S with
Re(g(zo ),z-2°)20,VzeS.

A polyhedral cone is a closed, convex set, but not bounded. We shall show that
Theorem 3 holds for polyhedral cones under a very weak restriction on the growth
of mapping g.
Let S be a polyhedral cone inC" . Then there is a positive integer k and a matrix
Ae C™ such that S= {Ax |xe R‘i}.For a constant p> 0, we denote z(p) = Ax such

that x;=p,1<i<kand Vz=Axe S, we writte z < z (p) If

[x|., <p,where |x| = max {|x;|| 1< i <k}.

Lemma(3.1). Let y° € C™ be given, and assume S is a polyhedral cone in C". Then
an element 2 in S satisfies

Re (yo ,z-2°) 20, forallz € S (A)
provided there is a vector z(p)>z0 in S such that (A) holds for all

zeS,={zeS|z<z(p)}

Theorem 4. Let g: C" — C" be a continuous mapping on the polyhedral cone S. If there
are vectors z(p), ue S, with z (p ) > u such that Re (g(z ),z—u)= 0 forallz=z (p)
in S, then thereisaz’ < z(p) in S with

Re(g(z°),z-2")>0, forallzesS.

Solvability of the Complementarity Problem

Lemma(3.2). Let S be a polyhedral cone in C", and let g : C" — C" be continuous on
S. Ifthereisa z° € Ssuchthat Re (g (2°),z-2")>0, forall ze S, then g

(z")e S and Re(g(zo),zo)=0.

g(z)eS’, zeS,

Thus z%1s a solution to ( ' )
Re(g(z),z) =0,
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Theorem 5. Let g:C" —>C" be a continuous monotone function on S, a polyhedral

cone in C". Ifthere is aueS with g(u) in S*, then (") has a solution z° €S.

Remark Me C™" is said to be positive semi-defined if Re z" M z> 0 for all ze C". If

g(z) is defined by g(z)=Mz + q for some matrix M and q in C", then g is

monotone on S if M is positive semi-definite. If g is strictly monotone on S, then

. . . * . .
there is at most one z° €S which satisfies ( = ).For if z’ andw’aretwo solutions,

then

Re(g(z ) — g (W), 28 — w=-Re (g(z°), w°)-Re(g(w"), z")<0, and consequently,
7’ =w’,

Lemma(3.3). Let' S be a polyhedral cone in C". If g:C* > C" is a continuons function
concave with respect to S” and Re z" g ( z) is convex with respect to R, , then g
(z) is monotone on S.

Theorem 6. Let g:C" — C" can be continuous on S and concave with respect to S™ on

C". Let Re z" g (2) be convex with respect to R, on C". If there isau S
with g (u) € int S™ then (") has a solution on z° in S.

Remark It is proved by Parida[4] that if g, in addition to satisfying the
hypothesis of Theorem 6, is analytic, then the nonlinear program

( P) : minimize Re z'! g(z)

subjéctto g(z)eS',zeS,

is a self-dual problem with zero optimal value. Thus an optimal point of ( P)
under the said restrictions on the growth of g is a solutionto ().

Moreover, any feasible solutlon to ( P ) which makes the objective function
vanish is necessarily a solution to ( ) So a critical study of ( P ) may shed more
light on this problem of existence of a solution to ( ) under feasibility
assumptions.
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4. Some Results on an Application of the Complex NLCP

Solvability of the Convex Program
minimize Re f(z,z) (")
subjectto g(z)elL ,ze P
where L and P are polyﬁedral cones in C™ and ((;n respectively, g: C" — C™
is an analytic mapping convex with respect to L on P, and f: Q — C is an

analytic mapping having a concave real part with respect to R , on { (Z,E) |zeP}.
Here the linear manifold Q is given by Q={(z,w)e C" x C" :w= z }.

0

A sufficient condition for z° € C" to be an optimal point of ( =~ ) is

the existence of an u® € C™ so that 2° ¢ P. u e L,g( ZO) = L*,
V,£(2°,2%) + Va1 (20, 2%) -1 (") P, (1)

Re ( sz(zo,zo) + VEf(ZO,ZO)~JIg:[(ZO)UO,ZO ) =0,
Re(g(z"),u’)=0,

where Jg (z0 ) denotes the m x n matrix whose i, j — th element is

%(20). Let the function G (z, u) be defined by
Z. .
J

V.f(z2,2)+V;f(z,2)- I3 (2)u
8(z)

G(zu)= 2)

forall (z,u) e C"*™ . Now it is easy to see that the point ( z°, u” ) satisfying (1)
is a solution of the system

(z, u)ePxL, G(z, u)eP*xL* (3)
Re (G(z,u), (z u))=0, which is of the form ( *).

Remark If ( 2%, u’ ) is a solution to the NLCP, as given by (3), then z’ solves

the convex program ( " ).
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Theorem 7. Letf: Q — C and g: C" — C™ be analytic in Q and C" respectively.
Let f have a convex real part with respect to R, on
{(z, z )|z € P } and g be concave with respect to L" on P.
Suppose that
(1) thesetK - {zeP | g(z)eL*} be bounded ,
(ii)therebea 2 e Psuchthat g( 2 )eintL’
Then there exists a z° which is optimal for problem ().

In the above theorem, the set K of the feasible solutions to () is assumed to be
bounded. In the next theorem, we shall show that this boundedness of K can be
relaxed by imposing stricter conditions on the function f.

Lemma (4.1). Let f have a convex real part with respectto R, on {(z, z )|z

e P} and g be concave with respect to L*on‘P. Then G ( z, u ), as given by (equation 2),
is monotone over P x L.

Theorem 8. Let fand g be defined as in Theorem 7, and let there be a z € P
such that V,f(2,2)+V;f(2,2) eintP’,g(2)inintL".

Then there exists a solution to the convex minimization problem ).
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